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Abstract 



In 1948, Feynman showed Dyson how the Lorentz force law and homogeneous 
Maxwell equations could be derived from commutation relations among Euclidean co- 
ordinates and velocities, without reference to an action or variational principle. When 
Dyson published the work in 1990, several authors noted that the derived equations 
have only Galilean symmetry and so are not actually the Maxwell theory. In particular, 
Hojman and Shepley proved that the existence of commutation relations is a strong 
assumption, sufficient to determine the corresponding action, which for Feynman's 
derivation is of Newtonian form. In a recent paper, Tanimura generalized Feynman's 
derivation to a Lorentz covariant form with scalar evolution parameter, and obtained 
an expression for the Lorentz force which appears to be consistent with relativistic 
kinematics and relates the force to the Maxwell field in the usual manner. However, 
Tanimura's derivation does not lead to the usual Maxwell theory either, because the 
force equation depends on a fifth (scalar) electromagnetic potential, and the invariant 
evolution parameter cannot be consistently identified with the proper time of the par- 
ticle motion. Moreover, the derivation cannot be made reparameterization invariant; 
the scalar potential causes violations of the mass-shell constraint which this invariance 
should guarantee. 

In this paper, we examine Tanimura's derivation in the framework of the proper time 
method in relativistic mechanics, and use the technique of Hojman and Shepley to 
study the unconstrained commutation relations. We show that Tanimura's result then 
corresponds to the five-dimensional electromagnetic theory previously derived from a 



Stueckelberg-type quantum theory in which one gauges the invariant parameter in the 
proper time method. This theory provides the final step in Feynman's program of de- 
riving the Maxwell theory from commutation relations; the Maxwell theory emerges as 
the "correlation limit" of a more general gauge theory, in which it is properly contained. 



1 Introduction 

In 1990, Dyson published a derivation, originally due to Feynman, of the Lorentz force 
law in the form 

and of the homogeneous Maxwell equations 

V-H = VxE + ^-H = 0, (1.2) 

at 

which assumes only the canonical commutation relations among Euclidean position and 
velocity, 

[x\x j ] = 0, (1.3) 
m[x\x J ] = ih5 ij , (1.4) 

and Newton's second law 

mx l = F\t,x,x), (1.5) 

where x l = dx l /dt and i,j = 1,2,3. Feynman's program of deriving the Maxwell theory 
without reference to either canonical momenta or a Lagrangian was based on the hypothesis 
that commutation relations between x and x form a fundamental basis for mechanics, but 
constitute a weaker set of initial assumptions, and might therefore lead to a more general 
theory. Dyson explained that Feynman had shown him this derivation in October 1948 but 
never published it because, "He was exploring possible alternatives to the standard theory," 
which this proof, by producing the usual equations, failed to provide. 

Dyson's publication of Feynman's derivation provoked a debate in the literature 0, [3], f|, 
||, with several papers challenging the identification of the derived equations as Maxwell's 
theory. These authors argue that although the Lorentz covariance of ( |1.2j ) may be assumed 
a posteriori, Lorentz covariance of the inhomogeneous Maxwell equations conflicts with the 
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Euclidean assumptions of the "proof." In fact, as pointed out by || the homogeneous 
equations may be regarded as Galilean or Lorentz covariant; however, the inhomogeneous 
Maxwell equations are not Galilean covariant and the Lorentz force equations are not Lorentz 
covariant. 

This conflict of symmetries was demonstrated in a stronger fashion by Hojman and Shepley 
0] and by Hughes || who place Feynman's program in the context of the inverse problem 
of the calculus of variations and demonstrate that conditions ( fL.3[) and (|1.4| ) are sufficient 
to establish the self-adjointness of the differential equations ( |1.5| ). Given self-adjointness, 
it is well known H that the right hand side of (|1 . 1|) is the most general admissible form 



for F l (t,x,x), and that this system of differential equations is equivalent to the Lagrangian 
formulation 



1 
2 

where 



L = -mdijX 1 ^ + 8 i jX i A j (t, x) + A (t, x) (1.6) 



# = VxA E = -f^A + VA j. (1.7) 



The potentials A and A must exist by virtue of ( |1 . 2|) . Hence, a Lagrangian and well-defined 
canonical momenta exist, and these are of Galilean form. Furthermore, the inhomogeneous 
equations of Maxwell form, which can be obtained by adding kinetic terms for the fields, 
would not be Lorentz covariant since the source current is not Lorentz covariant. There- 
fore, Feynman's argument essentially re-derives the conditions on velocity dependent forces 
in nonrelativistic mechanics. These conditions are essential to the self-adjointness of the 
differential equations (a consequence of the commutation relations), but do not reveal the 
full dynamical structure implied by the commutation relations. 

In an attempt to achieve a properly relativistic version of Feynman's derivation, Tanimura 
|7|] has presented a modified argument which maintains manifest Lorentz covariance (in 
(i-dimensional spacetime) throughout. Employing the approach which is the basis of the 
"proper time formalism" |8|, |^, [H|, 11, 12], Tanimura assumes the commutation relations 



[x",x u } = 0, (1.8) 

m[x»,x v ] = -ihg^(x), (1.9) 

and the force law 

mx* = F»(x,x), (1.10) 
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where /x, v = 0, - ■ ■ ,d — 1, and x = where r is a Lorentz invariant parameter. In analogy 
to Feynman's derivation, he obtains expressions which are formally similar to the usual 
covariant form of the Lorentz force in curved space 

mx » = F li (x,x) = G^{x) + F^ v (x)x u - mY li vp x v x p , (1.11) 

where V 11 is the Levi-Civita connection 

r^ p = -{dpg^ + d v g w - d^g vp ) (1.12) 

(so that the terms proportional to m are the covariant derivative of the velocity), and the 
homogeneous Maxwell equations, 

dpF vp + d v F m + dpF^ = 0. (1.13) 

The vector field G^(x) satisfies 

d ll G u -d v G ll = 0. (1.14) 

From ( |1.13| ) and ( |1.14[ ) one sees that F^ and G M may be derived from a d- vector and a scalar 
potential, respectively. 

However, the expressions which Tanimura derives are not the Maxwell theory, either. In ad- 
dition to the usual antisymmetric second rank tensor F^ v , the electromagnetic field includes 
the "new" d- vector field G^, and both of these fields contribute to the Lorentz force. But, F^ v 
and G^ are completely decoupled in the field equations, so that while G^(x) could act non- 
trivially on particle motions, no interaction with the usual electromagnetic field is available 
to control the scalar potential. Moreover, Tanimura finds that the variable r introduced to 
parameterize the world lines cannot be taken to be the proper time of the motion (the proper 
time constraint = 1 and Q1.9Q imply x M = 0) and must be treated as a "new" Lorentz 
scalar, independent of the phase space coordinates. Similarly, the derivation is not invariant 
under general reparameterization — only affine transformations of r preserve the structure 
of the equations. Since these differences from standard Maxwell electrodynamics originate 
in the framework of the proper time method, they merit further study and explanation. 

In this paper, we shall show that the appearance of a "new" scalar potential and a "new" 
scalar time are necessary and related consequences of the unconstrained commutation rela- 
tions assumed in the formulation of the problem. By assuming, in fll.SQ and ( |1.9| ), that the 
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2d components of position and velocity are independent, Tanimura defines an unconstrained 
canonical problem in d + 1-dimensions with an implicit symplectic structure analogous to 
that of the Newtonian problem posed by Feynman. Applying the technique of Hojman and 
Shepley to the relativistic case, we shall construct the equivalent Lagrangian and Hamil- 
tonian formulations of this canonical problem, which turn out to be naturally Lorentz and 
gauge invariant. Since the form of the Lagrangian is determined by the commutation re- 
lations, any constraints imposed on the system subsequently must be consistent with ( |1.8| ) 
and ( |1.9| ). Thus, if we require that the parameter r be a priori proportional to the proper 
time, then the relation 

x^ifj, = (ds/dr) 2 = constant (1-15) 

would be constitute a constraint on the velocities, contradicting the assumptions of the 
problem. Similarly, the validity of operations of the form 

±-[ x »(t),x»{t)\ = [^(r),^(r)] + [x"(t),5"(t)] (1.16) 

(a central step in the Feynman and Tanimura derivations) becomes questionable when r 
is not completely independent of the coordinates and velocities. For the same reasons, 



general reparameterization invariance is inconsistent with equations (Of ) and Q1.9Q , because 



such invariance corresponds to a constraint on the phase space [13]. Following Hojman and 
Shepley, we shall be led to an action in which reparameterization invariance is clearly absent. 
We will further demonstrate that the "new" gauge degree of freedom, which appears through 
the field G M , acts as a compensation field for the dependence of local gauge transformations 
on the parameter r, the "new" dimension independent of the spacetime variables. So, just as 
in the Newtonian problem, it is the dimension of the dynamical problem which determines 
the number of gauge degrees of freedom. Loosely speaking, one may think of the proper 
time constraint in the conventional Maxwell theory as removing the additional gauge degree 
of freedom (we will sharpen this point below). 

The problem of implementing the canonical commutation relations 

[a?,p v ] = -ih6» I/ (1.17) 

on the 8 dimensional phase space coordinates is an old one, whose principal difficulties are 
clearly seen in the course of Tanimura's derivation. Since the observed time is a coordinate 
in Minkowski space, it may not be used as a parameter of system evolution (in light of the 
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Feynman-Stueckelberg [TJ] interpretation of negative energy states as propagating backward 
in time, the motion need not even be monotonic in t). But if one parameterizes the coor- 
dinates with a Lorentz invariant time (which by the arguments of the previous paragraph, 
may not be identified with the proper time of the phase space) and maintains the notion of a 
definite particle mass, then one must adequately handle the proper time (or mass-shell) con- 
straint. In the original formulation of the so-called proper time method || [K| [□], |1^, [Tj| [L6|, 
the constraint was applied a posteriori to the solutions of the unconstrained problem, which 
is permissible as long as the interactions preserve the mass-shell dynamically (we shall ex- 
amine this point below). In more recent formulations [TB|, [T7|, [IB], the constrained theory 



is rewritten in a form in which a Lagrange multiplier enforces the constraint dynamically. 
In both of these methods, one associates with the system a manifestly covariant canonical 
mechanics with invariant evolution parameter, permitting the application of techniques from 
nonrelativistic mechanics. In addition, as pointed out by Schwinger |12[], since the physical 
interactions are independent of the evolution parameter, the proper time method preserves 
the symmetries of the system. 

In a different approach to the proper time formalism, introduced by Horwitz and Piron 
20|| , the invariant evolution parameter r is regarded as a true physical time, playing the 



role of the Newtonian time in nonrelativistic mechanics. One is then led to a symplectic 
mechanics in which manifest Poincare covariance plays the role of Galilean covariance in 
Newtonian mechanics (see also ^T|). In this theory, the proper time relation (|1.15| ) is not 



a constraint at all. The value of x^x^ is a dynamical quantity; it may be constant only for 
appropriate (for example, electromagnetic |TD[) interactions. The relaxation of the constraint 



permits the consideration of interactions of a more general type, and in particular allows 
the construction of consistent relativistic potential models. The Hamiltonian form of this 
mechanics leads naturally to a Schrodinger type equation, which has been solved for the 
relativistic bound state [22] and scattering problems |23] . Arguing that local gauge invariance 



of the Schrodinger equation should include gauge transformations dependent on the evolution 
parameter, Sa'ad, Horwitz, and Arshansky [^1 introduced a compensation field associated 



with the invariant time r. This new potential leads to an off-shell electromagnetic theory (so 
called because the interactions explicitly take the electromagnetic fields off mass shell), which 
nevertheless has the Maxwell theory as its (r-static) equilibrium limit J25|. The quantum 
field theory of off-shell electromagnetism has been developed and provides a basis for the 
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empirical evaluation of this structure [25, 26. 27]. 



We examine here Tanimura's work in the context of the proper time method. We will 
show that the force and field equations obtained by Tanimura are just those of the off- 
shell theory. By adapting the techniques of Hojman and Shepley, we will demonstrate that 
Tanimura's assumptions lead to the Lagrangian of off-shell electromagnetism. Thus, while 
Tanimura's derivation does not lead directly to the Maxwell theory, it does lead to a proper 
generalization of Maxwell's electromagnetism, which goes over to the Maxwell theory in a 
systematic manner, and therefore fulfills Feynman's program of providing a path from the 
canonical commutation relations to Maxwell's theory, as well as a more general theory. 

That Tanimura's derivation leads to a set of equations associated with an off-shell dynamical 
theory leads to an interesting connection between commutation relations and gauge degrees 
of freedom. This connection is of particular importance as the proper time method is in- 



creasingly used with interactions depending explicitly on the proper time parameter f28fl . As 
we shall demonstrate below, such interactions require that the "new" gauge field associated 
with the proper time dimension, possess a non-trivial relationship to the usual gauge fields 
and are inconsistent with the requirements of on-shell dynamics. 

In Section 2, we review Tanimura's covariant derivation in curved spacetime, and obtain 
equations (|1.13|) and (|1.14|) from equations (|1.8|) and ( |1.9|) . In Section 3, we provide 



a brief review of the inverse problem in the calculus of variations and the work of Hojman 
and Shepley. We use these results to obtain Tanimura's equations from self-adjointness. In 
Section 4, we present the theory of off-shell electromagnetism as the local gauge theory of 
covariant quantum mechanics with invariant evolution parameter, and shall show that it is 
precisely the theory derived in Sections 2 and 3. We then show how the theory differs from 
Maxwell electrodynamics as a dynamic theory, but reduces to it in the r-static limit. In 
the context of the off-shell theory, we will discuss the related issues of constraints and gauge 
freedom. In Section 5, the presentation of Section 3 is generalized to the case of non-Abelian 
gauge fields, and the results are compared with the equations obtained by Tanimura. 
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2 The Lorentz Force in Curved Spacetime 



We now review the derivation given by Tanimura [0 in a pseudo-Riemannian manifold. In 
this theory, we treat the event as a point in the <i-dimensional curved spacetime whose co- 
ordinates x m (t), [jj, — 0, 1, • • • , d — 1) evolve according to the invariant parameter r. This 
approach has the advantage that the conjugate velocities are derivatives of the event coor- 



dinates with respect to r, a well defined procedure even in curved spacetime [29] 



We consider the metric g iiv {x) (which becomes 7]^ = diag(+l, —1, • • • , —1) in flat space), so 
that the coordinates and velocities x^{t) are assumed to satisfy the commutation relations 

[x^x u ] = (2.1) 

m [x^,x u ] = -ihg^(x) (2.2) 

and the equations of motion are 

mx^ = F^{t,x,x). (2.3) 

We regard x M (r), its r-derivatives and functions of these quantities as quantum operators in 
a Heisenberg picture. The field equations and the Lorentz force may then be interpreted, in 
the Ehrenfest sense, as relations among the expectation values which correspond to relations 
among classical quantities. Generalizing Tanimura, we allow the force -F m (t, x,x) to be a 
function of r. Equation ( |2.2|) implies that for any function q(x) 

[x^q{x)] = -p-. (2.4) 
m ox^ 

We differentiate fl2.2|) with respect to r 

mix* 1 , x v \ + m[x^, 'x v \ = -ihd p g^ u (x)x p (2.5) 
and define W u = -W v » by 

9 

HI 

W» v = -\x^x v }. (2.6) 

in 

From the Jacobi identity, 

[ x\ [ x", x v ] ] + [ x", [ x v , x x ] ] + [ x u , [ x\ x v } ] = (2.7) 
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and ( |2.2| ), we show that 



2 
9 

= -— ([[x x ,x»},x"} + [x>*,[x x ,x v 
= m(ig x »,x»] + [x»,g x »]) 

= -ih{d u g x » -d»g Xv ). (2.8) 

So, defining F"" = —F v ^ by 

= - m{{d v g Xtl - d»g Xu )x x ) (2.9) 

where the brackets (...) represent Weyl ordering of the non-commuting operators, we find 
from (pD and (p|) 

[x a ,F^} = 0, (2.10) 
which shows that F^ v is independent of x. When lowering indices, we define 

x M = { 9llv (x)x v ) . (2.11) 

With the identity 

9 2 
TTl TTT 

- -foftv = —r^[{9^ a i a ), {g vP x p )) = {g m g vfi W afi ) - m(d^g va x a ) - d u (g^x p )) (2.12) 



one sees that 



2 

TTT 

F„v = g m 9vpF al3 = --^[x^x,,] (2.13) 



and the Jacobi identity then gives 

dpF,,,, + d v F m + dpF^ = 0. (2.14) 
Rearranging equation (p.5|) and using (|2.6| ). 
we see that 

m [ x ^ x u ] = —F" v + 2ih{T vX »x x ) (2.15) 

where 

V v\n = -\^g Xv + d x g txv - d v g Xlx ) (2.16) 
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is the Levi-Civita connection. Let us define C 1 through the equation 
F" = mi" = G^x, x, r) + (F» u x u ) - m(T» Xu x x x u ) 



Then, 



[x x ,G fi ] = [x x ,F»]-F^[x x ,x„ 



I TT'i J. |^ - tXj j 'vC p | J- CO ]j |^ iC j 00 p j 

— F x » + 2 ih (T» px x p ) + — F» v 5\ 
m m 



ih({T^5\x p + T^x v 5 x p )) 



0. 



so that G M is independent of x. We may then define the force as 

Dx» 



G „ + (piwij = m [ x n + (T" Xv x x x u )] = m- 



Dt 



Since 



mi' 1 = m—lg^Xu), 



when we lower the index of G p (by (|2.19| ), a tensor) we find that 

G v = g va F a - (g ua F afi xp) + m{g va T a ^ xp± 7 ) . 
We write the first term on the right hand side of ( p. 21 ) in the form 



g va F c 



m (g ua x a ) 

mg ua —(g al3 xp) 

m (g va g af3 x p + g ua d 1 g a ' 3 ipx*,) 

mx u + m (g va <9 7 g a/3 xpx 7 } . 



(2.17) 



(2.18) 



(2.19) 



(2.20) 



(2.21) 



(2.22) 



Since the indices (3 and 7 of d 1 g a ^ occur in ( |2.22[ ) in symmetric combination, we may write 

(2.23) 



- (<9 7 # Q/3 + <9V 7 ) = -r Q/?7 + - <9V 7 - 



Equations ( ggTp , ( ggg ), and ( ggg ) imply 



Gv = mx u + -m (g va d a g Pl xpx 7 ) - (g va F a ^ xp) 
= mx u + ^m (d u g aP x a ±p) - (F ua g a/3 xp) . 



(2.24) 
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Using Equations flO)) , ( |2.13|) , and ( p.24|) we obtain 



1 ifr 

x^, G v ] = m [ i;,,, x y ] + {-ihd^d v g af} x a xp - —d u g a,3 (F^ a Xf3 + x a F pf3 ) 

- -d,(F ua gpf>) x p + — 2 F ua sT* Ftf) 



m m z 

1 ., „ „ p . ifi 



= m[x ll ,x v ] + ( -ihd p d v g a(i x a xp - — {d v g ap ) F pa ip 

- -{d,g^)F va xp - -d^g^xp 
m m 

+ — 2 F„ a g^F, p ). 
Finally antisymmetrization with respect to the indices /x and v gives 



(2.25) 



[ -Efti G v ] [ &v, G p 



ih 



m [ ip, x v ] - [ x v , x^ ) ((dpFva - d v F pa )g ap x p ) 

dr. . ih 

Tfl —j— y X^, X u \ 



-((d,F ua + d u F afl )x a ) 



m 

■-^F pv --{{d p F vp + d v F pp )x") 
m clt m 

■- [((d p F^ + d p F vp + d v F m )x p ) + d T F pu ] 



Therefore, using ( 2.14|) 



dpG u — d v G p H — ^— 



0. 



(2.26) 



(2.27) 



Regarding equations (|2.19|) , ( 2.14j) , and (|2.27|) in the Ehrenfest sense, we may summarize 
the classical theory as 

Dx» 



m- 



m 



[£f + r^x x x u ] 



dpF vp + d v F m + d p F f 



'p± pv 



d p G u — d u G p + 



dF, 



pv 



Or 











(2.28) 
(2.29) 
(2.30) 



We see that the expressions for the Lorentz force and the conditions on the fields reduce 
to equations ( |1 . 1 1| ) , (p.. 14 ), and ( 1.13|) when the metric and the fields are taken to be r- 
independent. 



Let us introduce the definitions 

x d = r d T = d d F pd = -F dp = G p 
We may then combine (p. 14 ) and (|2.27 ) as 

daF^ + dpF ia + d^Fap = 



(2.31) 



(2.32) 
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(for a, (3, 7 = 0, • • • , d), which shows that the two form F is closed on the (d+ l)-dimensional 
manifold (t,x). Hence, if for example, this manifold is contractable, then F is an exact 
form which can be obtained as the derivative of some potential with the form F = dA. The 
Lorentz force equation becomes 

m^- = = F^(t,x)x v +G"{t,x) 
Dt 

= FZ{t,x)x v + F» d (r,x)x d 

= F" p(T,x)xP. (2.33) 



Following Dyson and Feynman, we may observe that given equation ( |2.32| ), the two-form 
pa/3 - g determined if we know functions p and such that 

V a F» a = f (2.34) 

V a F da = p. (2.35) 

where T> a is the covariant derivative. 

Unlike the Newtonian case, the Lorentz covariance of these expressions is manifest, and we 

expect that transforms as a <i-vector and p transforms as a scalar. By denoting p = j d , 
equations (|2.34|) and Q2.35Q can be written compactly as 



V a F Pa = f (2.36) 
where, due to the antisymmetry of F^ a j& is conserved 

V aJ a = 0. (2.37) 



Notice that ( 2.37|) admits a formal d + 1-dimensional symmetry (as does the homogeneous 



field equation (gjp ), owing to the sum on a = 0, • • • , d. However, the physical Lorentz 
covariance of the matter currents breaks this formal symmetry. 

In Section 4, we will return to the equations derived here formally, and examine their meaning 
as a covariant canonical mechanics. 
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3 Aspects of the Inverse Problem in the 
Calculus of Variations 



In Hojman and Shepley set out to prove that Feynman's program of finding the Maxwell 
theory from equations Q1.3Q - - ( |1.5[) without a Lagrangian, was in principle impossible, 
because these equations are sufficient to establish the existence of a unique Lagrangian of 
electromagnetic form. To accomplish this goal, they demonstrate a new connection between 
the commutation relations and well-established results from the inverse problem in the calcu- 
lus of variations, a theory which concerns the conditions under which a system of differential 
equations may be derived from a variational principle. We briefly review elements of this 
theory and use these results to derive Tanimura's equations from self-adjointness. 

For the situation relevant to Lagrangian mechanics, we consider a set of ordinary second 
order differential equations of the form 

F k (r, q, q, q) = q 3 = —j— q> = — j, k = 1, ■ ■ ■ , n . (3.1) 

Under variations of the path 

g(r) ► q(r) + dq(r) 

q(r) — > q(r) + dq(r) = q(r) + —dq(r) 

dr 

q(r) — q(r) + dq(r) = q(r) + j^dq{r) , (3.2) 
the function Fk(r, q, q, q) admits the variational one- form defined by 

dF * - w d * + + w d * • m 



(3.4) 



and the variational two-form, 

ap op op 

dq k dF k = —±dq k A dq ] + ^dq k A dq J + —^dq k A dq j 
aq> oq 1 oq J 

where the 3n path variations (dq k , dq k , dq k ) for k = 1, ■ ■ ■ , n are understood to be linearly 
independent. The system of differential equations Fk(r,q,q,q) is called self-adjoint if there 
exists a two-form Q 2 {dq, dq) such that for all admissible variations of the path, 

dq k dF k (dq) = ^-n 2 (dq,dq) . (3.5) 
dr 
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Through integration by parts, one may show || that such a two-form exists and is unique 
up to an additive constant, if and only if 

dF { dF k 



dq k 

m + m 

Qqk Qqi 

m_m 

Qqk Qqi 



d 

dr 
1 d 
2dr~ 



m + dFk 
Qqk Qqi 

Qqk Qqi 



(3.6) 
(3.7) 
(3.8) 



Equations ( |3.6| ) - ( |3.8| ) are known as the Helmholtz conditions [ ftT| , |32| . Introducing the 
notation 
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d 



Tr 1 



(3 = 0,1,2, 



it follows that 



S 2 = dq k A dq l 



d 2 



a dq k dq l a 







(3.9) 



(3.10) 



which permits the equivalence of a set of self-adjointness differential equations to a La- 
grangian formulation to be easily demonstrated |33j. Given the Lagrangian L, 

d dL dL~ 



5L = ^dq k + ^dq k 
oq aq K 

Therefore, 



dr dq k dq k 



dq k + ^ [^: d A = Fkdq k + ^ (3.11) 



-dq k 5F k + —5^ 
dr 



-dq k 5F k + — 2 = 



(3.12) 



dr 

which demonstrates self-adjointness. Conversely, if F k is self-adjoint, then dq k 6F k — -^Q 2 — 
and since 5 2 = 0, 



Therefore, 



—Vt 2 = 5—Vti 
dr dr 



= dq k 5F k - ^-tt 2 = 5(dq k F k - —Qt) = 5L 
dr dr 



(3.13) 



(3.14) 



and one obtains the differential equations F k = by variation of L under r-integration. 

For the second order equations considered here, it also follows from self-adjointness that 
the most general form of F k is 



F k {r, q, q, q) = A kj (r, q, q)q ] + B k (r, q, q). 



(3.15) 
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To see this, notice that F k is independent of d 3 q l /dt 3 , so that the right hand side of ( |3.7p must 
be independent of q l . Inserting (|3.15| ) into ( |3.6| ) - (p^8|), one finds the Helmholtz conditions 
on A k j and B k 

Q A Q /, 



A ■ ■ — A ■■ 



dBi dB, 

H r 

dq J dq 1 
dB, dB„ 



dA i:j _ dA k i 
Qqk Qqi 

d . k d 

\- rt k 

dr 



Qqk 



A; 



dqi dq 1 
along with the useful identity 











dr dq k 



dBi dB, 



dqi dq 1 



dAij dA kj _ 1 d (dB, dB k 



dq k dq 1 2 dqi \ dq k dq 1 



In the domain of invertibilty of the Aj k , one can write ( p . 1 5|) as 

F k (r, q, q, q) = A kj (r, q, q)[q J - f 3 ], 

where 

f(r,q,q) = -(A- 1 y k B k . 



Inserting B k = —A k jf 3 into ( |3.17| ) and ( |3.18| ), the Helmholtz conditions for the form 
become 



1 D 

2m 



A ■ ■ — A ■■ 

13 3 1* 



df k _ df k 



dA^ _ dA 



Qqk Qqi 

■ Qfk Qfk 
Ai k - . . + Aj k - 



dq J 



dq 1 



Qfk Qfk 

Ai k -^—. — Aj k - 



dq j 



dq i 



where 



— - — + q k — + f — 

Dt dr dq k dq k 



is the total time derivative subject to the constraint 

q k -f k (r,q,q) = 0. 



The identity ( |3.19| ) becomes 



dA^ dA k j 1 d 
Qqk Qqi ~ 2 dqi 



- k (A m f n ) - ^(A kn f n ) 



dq 



dq 1 



3.16) 
3.17) 
3.18) 



3.19) 



3.20) 



3.21) 



3.22) 
3.23) 
3.24) 

3.25) 
3.26) 

3.27) 
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Within the domain of applicability of the inverse function theorem, ( |3.26| ) is equivalent to 
( |3.15| ), and the Helmholtz conditions become the necessary and sufficient conditions for the 
existence of an integrating factor Aj k such that 



(3.28) 



dr \dq k 

The Helmholtz conditions for this form have been rederived in an elegant way in terms of 
the Lie derivative along f k [|34 . 



In Hojman and Shepley prove that given the quantum mechanical commutation relations 

[X i {T),X3{r)]=iM? i , (3.29) 



the classical function 



has an inverse 



lim G 13 



(3.30) 



'u - (9 )ij (3-31) 

which satisfies the Helmholtz conditions ( p.22|) - fl3.24| ). Therefore, the assumption of com- 
mutation relations, ( |1.3|) and ( fL.4[) [or (|1.8|) and (|1.9|) 1, is sufficiently strong to establish the 
existence of an equivalent Lagrangian for the classical problem associated with the quantum 
commutators. For the Newtonian case, in which g lJ = 5 lJ and r — > t, it is shown in |4|, || 
that the Helmholtz conditions lead to the Lagrangian ( |1.6| ), with field equations ( Jl . 7| ) . In 
||, Santilli discusses the classical case, applying ( |3.6| ) - ( |3.8j ) to ( |3.20| ) for the case Aij = 5ij, 
and arrives at (|1.1| ) and ([TT2]) without explicitly writing the Lagrangian. 

We now adapt Santilli's argument to the type of curved space discussed in Section 2. Starting 
with the Helmholtz conditions and the metric 5^,(2), we will be led to the equations derived 
by Tanimura. We take the function A^ v = g^ u (x) in equation ( |3.30| ) to be a Riemannian 
metric independent of x, so that equations ( |3.22| ) are satisfied automatically. Since does 
not depend on x^, equation ( |jj.23| ) becomes 



D 



X 



. d 

dx^ 9 ^ 



dL df u 



dx u dx^ 



and equation ( |3.27| ) becomes 



1 d 



~df IL _djj L 

dx a dx^ 



dg^ v _ dg uv 
dx a dx^ ' 



(3.32) 



(3.33) 
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Acting on ( p. 32 ) with d/dx a and exchanging [y <-> a), we obtain 



9fJ.CT,U 



d 2 f» + &f. 



dx a dx u dx^dx v 



(3.34) 



where = dg^ a /dx u . Combining ( |3.33j ) and ( |3.34j ), we find 

1 d*L 



2 dx°dx u ~ 2 ^ M ^' CT + y» a ' u 9<ru^) — J 



[MTV 



(3.35) 



where is defined as in (|2.16|) . From (|3.35|) we see that the most general expression for 
fr(r,x,x) is 

fn = -T^ ua x u x a - p^(r, x)x v - <x M (r, x). (3.36) 

Now from ( |3.32D we find 



x a 



dx a 2 



Using 



we find that all terms except for those in p^ u cancel, so that 

= Pnv + Pu^- 

We now apply equation (|3.24|) which becomes 



1 D 
2D^ 



df a df a 



1 D 
2D^ 



9L df u 



dx u dx^ 
Using ( |3.36| ) to expand the left hand side 



df a df a 
9 ^dx^ ~ 9ua dx^ 



1 D 


\9f, 


df v ~ 


1 D 


\ d ( 


2/37 


dx u 


dxf 1 


~2D^ 





1 D 
2D^ 
( d 



2(r M ^ — T UflX )x x + p^y — p Vil 
d „„ d 



(3.37) 



(3.38) 



(3.39) 



(3.40) 



)r - p^r 

- x x x a (g^ U(T - g v \^ a ) + x A p^,A (3.41) 
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where p^ T = dp^/dr, and we have used 

2(r M , A - r^ A )x A 



From (|3.36| ), we have 



T^xai x a + p^ x (r,x)x + cr M (r, x) 



so that the right hand side of ( p. 40 ) is 



ffJ.,V fu,fj, 9/1(7,1/ f ~t~ 9ua,flf 

\9fJ,(T,V 9v(T,fl)f • 



Now, equating (|3.41| ) and ( |3.44 ) and canceling common terms, we are left with 



dp, 



<9r 



+ X Pftu,X = X (p^x,v - p u x,fi) + Oix,v 



Since the x x are arbitrary, we have the two expressions 

dp^ u _ da^ _ da v 
Or dx v dx^ 
dxP^v + d^Pvx + dvpxfj, = 



(3.42) 



(3.43) 



(3.44) 



(3.45) 



(3.46) 
(3.47) 



Comparing (ggTp with ( gig) , flOg ) with ( ^27|) , and ( ^36|) with (fTTTD , we see that we may 
identify 



iu> - -Pnv and Gf, = -a^ . (3.48) 

This identification demonstrates explicitly that Tanimura's equations (generalized to permit 
explicit r dependence of the fields and metric) are simply the conditions on the most general 
velocity dependent forces which may be obtained from a variational principle. 

To make the connection with the off-shell electromagnetic theory, we now derive the La- 
grangian in flat Minkowski space. For this case, where 



= g^ u — > rj^ = diag(l, -1, • • • , -1) 



(3.49) 
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Tanimura's equations reduce to 



d»F vp + d v F m + dpF^ = 
OF 

d,G u -d v G tl + -^ = 
mx» = G"(r, x) + F^(r, x)x v 



(3.50) 



Following 0, we observe that ( |3.28|) implies 

d f dL 



rj^m x v - f u ] 



dr \dx^ 
d 2 L 



dx^dx 1 



x v + 



dL 

dx^ 

d 2 L 
dx^dx v 



x u + 



d 2 L 



dL 



dx^dr dx^ 



so that 



d 2 L 

m VtMU ~ di^ 
d 2 L „ d 2 L dL 



-x 



(3.51) 

(3.52) 
(3.53) 



dx^dx v dx^dr dx^ 
The solution to the equation d 2 L kinetic /dx^dx u = mt]^ is unique up to terms of the type 
which may be absorbed in ( |3.53j ). Therefore, we see that L may consist of the quadratic 
term integrated from fl3.52|) , plus terms at most linear in x M . So we may write 



L = -m x^x^ + Ah(t, x)x^ + 0(r, x) . 



(3.54) 



Applying ( |3.53| ) to L yields the Lorentz force if we identify the fields and <fi as the 
potentials for the field strengths 



G 



i' 



dfj,A u — d v A^ 
<9 M - d T An . 



(3.55) 
(3.56) 



We may recover the inhomogeneous field equations ( 2.34 ) and (|2.35| ) by introducing to the 
action the kinetic terms 



d 4 xdr 



-F UV F^ ± 



(3.57) 



Applying the Euler-Lagrange equations to the action which includes these terms leads to the 
source equations, with the identification of the classical currents as 



f(r,y) = x^r)6 4 (y-x(r)) 
p(r,y) = <5 4 (y-x(r)) . 



(3.58) 
(3.59) 
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If the fields are considered r-independent a priori, as by Tanimura, the currents are 

j»(y) = J drx^r)5 A (y-x{r)) (3.60) 

p(y) = J dr6 4 (y-x(T)) . (3.61) 

Equations ( 2.35 ) and ( |3.61|) indicate that the r-independent field in Tanimura's formula- 
tion must have a non-trivial form related to the path of the particle event, and also, influence 
the particle motions through the Lorentz force, with no coupling to F^ u which could control 
the interaction. In the next section, we arrive at ( |3.54j ) by a different argument and examine 
the dynamical system which it describes. 



4 Implications for Gauge Theory in 
Covariant Quantum Mechanics 

In this section, we show the consequences of the analysis discussed above for a Lorentz and 
gauge covariant quantum mechanics. We first review the structure of such a theory. 



In 1951, Schwinger |L2| represented the Green's functions of the Dirac field as a parametric 



integral and formally transformed the Dirac problem into a dynamical one, in which the 
integration parameter acts as a proper time according to which a "Hamiltonian" operator 
generates the evolution of the system through spacetime. Applying Schwinger's method to 
the Klein-Gordon equation, one obtains an equation for the Green's function (we take h — 1 
in the following) 

G= l L, 2 

[p — eA) z + m A 

given by 

G(x, x') = (x\G\x') = % r dse- im2s (x\e- i{p - eA)2s \x'}. (4.2) 

Jo 

G(x,x';s) = (ar(s)|ar'(0)) = (x\e~ i{p ~ eA)2s \x') (4.3) 



The function 



satisfies 



i-^(x{s)\x'{0)) = {p - eA) 2 (x{s)\x'{0)) = K(x{s)\x'{0)) (4.4) 



with the boundary condition 



lim(o;(s)|x / (0)) = 5\x - x'). (4.5) 

s— >0 



20 



DeWitt [33] regarded (O) as defining the Green's function for the Schrodinger equation 



d 

i— 1) 8 (x) = Kijj s (x) = (p - e/l) 2 ^) , (4.6) 
as 



an equation which Stueckelberg [10| had also written as the basis for a covariant quantum 



mechanical formalism which includes the description of pair annihilation. Feynman ]TT 



wrote equation ( |4.6| ) in order to obtain the path integral for the Klein-Gordon equation and 

2 

regarded the integration of the Green's function with the weight e~ vm s , as the requirement 
that asymptotic solutions be on mass-shell. The usual Feynman propagator Ap(x — x') 
emerges naturally from the assumption that G(x,x';s) = whenever s < 0. Thus Ap 
corresponds to a G(x, x'\ s) which is causal in the classical sense of no response before stimulus 
(before, in the sense of s). Schwinger employed the proper time method as a way to exploit 
the techniques of nonrelativistic mechanics in relativistic quantum theory, and found that it 
provided a natural approach to perturbation theory and regularization. 



In 1973, Horwitz and Piron [2(| constructed a canonical formalism for the relativistic classical 
and quantum mechanics of many particles. In order to formulate a generalized Hamilton's 
principle, they introduce a Lorentz invariant evolution parameter r, which they call the 
historical time and regard as corresponding to the ordering relation of successive events in 
spacetime. For a one-particle system, the equations of motion are 

dx^_dK_ dp^_ _dK_ ^ ^ 

dr dr dx^ 

where fi, v = 0, 1, 2, 3 and Ki^x^^p^) a Lorentz scalar. Taking K = p 2 /2M leads to the usual 
description of the relativistic motion of a free particle: 

7) ■ 

x° = — x { = — p* 1 = constant (4.8) 

MM K J 

and so 

dx % p t 2 m 2 

—— — —z- x = — — tt = constant (4.9) 

dt p° M 2 K J 

with m/M scaling r to the proper time. This formalism leads naturally to a Schrodinger 
equation for the quantum theory, which is identical to the Stueckelberg equation (|4.6|) for 
the Klein-Gordon problem (for 2M = 1). 



Saad, Horwitz, and Arshansky later argued [24] that the local gauge covariance of the 



Schrodinger equation should include transformations which depend on r, as well as on the 
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spacetime coordinates. This requirement of full gauge covariance leads to a theory of five 
gauge compensation fields, since gauge transformations are functions on the five dimensional 
space (t,x). Under local gauge transformations of the form 

if>(x, t) -> e ieoA(x ' T V(x, r) (4.10) 

the equation 

- (id T - e a A )ifj(x,T) = t^G^ - e a M )(JV - eoa^{x,T) (4.11) 
is covariant, when the compensation fields transform as 



a 



(x, t) — > a^x, t) + dfj,A(x, r) a 4 (x, r) — > a 4 (x, r) + d T A(x, r). (4-12) 



This Schrodinger equation (|4.11 ) leads to the five dimensional conserved current [compare 



with equation (|2.37|) 1 

d^ + drj^O (4.13) 



where 



j 4 = \^(x, r)| 2 f = - *e a^ - ^ - ie a^*). (4.14) 



In analogy to nonrelativistic quantum mechanics the squared amplitude of the wave function 
may be interpreted as the probability of finding an event at (r, x). Equation (|4.13|) may be 
written as d a j a = 0, with a = 0, 1, 2, 3, 4. 



From (|4.11| ) we can write the classical Hamiltonian as 



K = JjTfip^ - e a M )Go M - e a^) - e a 4 (4.15) 

and using (|4.7|) we find 

M a? = (p" - e a^ (4.16) 
which enables us to write the classical Lagrangian, 

L = x^-K 
1 

= -Mi% + e i M a M + e a 4 . (4.17) 
Comparing (|4.17|) with (|3.54|) , we see that identifying the scalar potential <p(r,x) with e a 4 



and the vector potential ^4 m (t, x) with eoa M , this Lagrangian describes the same theory which 
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we derived from the Helmholtz conditions and from Tanimura's commutation relations Q1.8Q 
and (|1.9|). We may find the Lorentz force |36|] by applying the Euler-Lagrange equations to 
( |4.17| ), which in the notation of ( J2.33|) , i.e., a, (3 — 0, 1, 2, 3, 4, is 



where 



ft™ = d»a u - d v a? = d»a 4 - d T a^ 



(4.18) 



(4.19) 



Since f^ v and / M 4 are defined in terms of potentials, the field equations, (|2.14|) and Q2.27|) 
[or (|3.47|) and ( |3.46| )1 follow by definition. 



Comparing ( |4.18| ) with ( |1.11| ) and ( |3.36| ), we identify with the "new" field G M found 
by Tanimura (and the field which emerges from the derivation based on the Helmholtz 
conditions). This justifies our claim in Section 1 that the appearance of the "new" scalar 
degree of gauge freedom in Tanimura's derivation corresponds to invariance of the theory 
under gauge transformations which depend upon the evolution parameter r. 



We observe that the four equations ( |4.18| ) imply |36| that 



^(\mx 2 ) = Mx% = x^f, 4 + U v x v ) = off, 



By replacing with — f 4fl and using / 44 = 0, we can write equation ( |4.20| ) as 



^-(--Mx 2 ) = f 4a x° 



(4.20) 



(4.21) 



which formally becomes the "fifth" component of the Lorentz force law. If we define the 
4 © 1 vector 

U a = (~x 2 ,x^) (4.22) 

then (|4.20|) and ( f4.21|) can be written as 

d_ 

dr' 



M^-U a = f a p x p . 



(4.23) 



We are now in a position to address the mass-shell condition x 2 = constant discussed in 
Section 1. Since the right hand side of Q4.18j ) is the most general expression which may 



appear as a Lorentz force, we may conclude from ( |4.21|) that the conditions for the dynamical 
(as opposed to asymptotic) conservation of x 2 = constant, are 



Gu — f. 







and 



drf 







(4.24) 
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The second condition follows from ( 2.27 ) for G M = 0; that is f^ v must be a r-static field. 
Thus, we see that the most general interaction which preserves the proper time constraint is 
of conventional Maxwell type, as employed by Schwinger [|TJj in his original use of the proper 
time method. In this way, we may make precise the claim that the proper time constraint 
suppresses the "new" gauge degree of freedom. Notice that the fields in these expressions 
are explicitly r-dependent. 



The action, given by 



S = J dr -Mx^x^ + e x^ a M (r, x) + e a 4 (r, x) 



(4.25) 



is clearly not reparameterization invariant, corresponding to the absence of the mass-shell 
constraint. But, under the conditions (|4.24| ), the Lagrangian has no explicit r-dependence 
(see ( |4.19| )), and so the Hamiltonian is conserved. From fl4.15|) and (|4.16| ), we see that under 
those circumstances, K — > Mx 2 /2. For those interactions which respect the proper time 
relation and keep particles on mass-shell dynamically, the r-derivative of the proper time 
is essentially the constant of motion conserved by Noether's theorem for the r-translation 
symmetry. Thus, the mass-shell relation has the status, classically, of a conservation law 
rather than a constraint. 

When we add as the dynamical term for the gauge field, (A/4)/ aj g/ a/3 where A is a dimensional 
constant, the equations for the field are found to be 



daf* 



e -a -a 

V =e3 



where f a p = d a ap — dpa a) and 



^(r)5 4 (y-x(r) 
P(r,y) =5 i (y-x(rfj . 



(4.26) 
(4.27) 

(4.28) 
(4.29) 



We identify eo/A as the dimensionless Maxwell charge (it follows from (|4.32j ) below that eo 
has dimension of length). The currents ( |4.28|) and ( f4.29|) have the form of (|3.58j ) and (|3.59| ), 
so that (|4.26| ) is the flat space equivalent of ( |2.36|) . Similarly, ( f4.27|) is the homogeneous 
equation (|273^ ) and (|3T46r^47|) . 
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The Lagrangian for the free electromagnetic field has a formal five dimensional symmetry. 
Analysis of the resulting wave equation |3[ for the sourceless case shows that the symmetry 
group of the equations can be either 0(3,2) or 0(4,1), depending on the signature of the 
r index. Since U a (see fl4.22p ) transforms as a Lorentz scalar plus Lorentz 4- vector, rather 
than as a vector of 0(3,2) or 0(4,1), the presence of sources breaks this formal symmetry 
to 0(3,1). This situation is analogous to the nonrelativistic case discussed in Section 1, in 
which the homogeneous field equations (|1.2|) may be regarded as 0(3,1) covariant, while the 
source dynamics ( |1.4| ), may be seen as having a Galilean symmetry; in a consistent theory 
of sources and fields, only the common 0(3) symmetry survives. 



Since the 4-vector part of the current in (|4.14|) is not conserved by itself, it may not be 



the source for the Maxwell field. However, integration of ( f4.14|) over r, with appropriate 
boundary conditions, leads to <9 M J M = 0, where 

/oo 
drf(x,r) (4.30) 
-oo 

so that we may identify J M as the source of the Maxwell field. Under appropriate boundary 
conditions, integration of ( |4.26| ) over r implies 



d v F^ = eJ" (4.31) 
e^ p %F vp = 

where 

/oo 
drf^{x,r) (4.32) 
-oo 

/oo 
dTa^(x,r) 
-oo 

so that a a (x,r) has been called the pre-Maxwell field. 

In the pre-Maxwell theory, interactions take place between events in spacetime rather than 
between worldlines. Each event, occurring at r, induces a current density in spacetime which 
disperses for large r, and the continuity equation ( [4.13j ) states that these current densities 



evolve as the event density j 4 progresses through spacetime as a function of r. As noted 
above, if j 4 — > as |r| — > oo (pointwise in spacetime), then the integral of j 11 over r may be 



identified with the Maxwell current. This integration has been called concatenation and 
provides the link between the event along a worldline and the notion of a particle, whose sup- 
port is the entire worldline. Concatenation is evidently related to the integration performed 
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in the Stueckelberg theory, and following Feynman's interpretation, places the electromag- 
netic field on the zero mass-shell. The Maxwell theory has the character of an equilibrium 
limit of the microscopic pre-Maxwell theory. For further discussion and applications see 
P7L [M [10, HTI] and references contained therein. 



5 Non-Abelian Gauge Theory 

It was shown in Section 4 that while the mass-shell condition may not be maintained as 
a constraint on the phase space, the quantity x^x^ is a constant of the motion when the 
"new" gauge field = F 4/t vanishes and F^ u is r- independent. Under these conditions, the 
Lagrangian has no explicit r-dependence and the conserved Hamiltonian is precisely x^x^. 
We remark briefly on the case of a non-Abelian gauge field, in which a r-dependent quantity 
appears in the Lagrangian, without changing these conditions on the fields. 



In [ i2f , C. R. Lee employed Feynman's method to derive equations of motion for a particle 
interacting with a classical non-Abelian gauge field, in the form originally given by Wong 
By studying the Heisenberg equations of motion for the Hamiltonian of the Dirac 



equation in the presence of an SU(2) gauge field, Wong formulated the following structure: 

m& = g^-I(r)C (5.1) 

I = -gb.xie (5.2) 

f Mi , = dJo v - <9„b M + gb^ x h v (5.3) 

OT^ + ^x^ = -I (5.4) 

W = b a ,I a f M „ = f a ,J a \r,I b }=ihe abc I c . (5.5) 

where £ M (r) is the particle world line operator as parameterized by the Lorentz invariant 
scalar r and where the I a {r) are an operator representation of the generators of a non- 
Abelian gauge group. By virtue of (|5.3|), one has the inhomogeneous equation 



+ V p % v = 0, (5.6) 

where the covariant derivative is 

(T^^pu)a = dpfapv ~ & a bbfifc/j,v (5-7) 
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Lee H2| followed Feynman's method, supplementing assumptions (|1.3j) - - (|1 . 5|) with the 



relations ( |5T5| ) and 

[ Xh l a (t)\ =0 I + gbi x I x l = (5.8) 

for i = 1, 2, 3, and in analogy to Feynman's derivation, arrived at the Newtonian equivalent 
of Wong's equations. 

Tanimura |7]] generalized Lee's derivation to <i-dimensional flat Minkowski space and a general 



gauge group by supplementing equations (|2.1| ) and (|2T2|) with 

{r,i b } = ihf c ab r (5.9) 

[x»,I a } = (5.10) 

mx » = F^(x,x,I) = F£(x,x)I a (5.11) 

and 

i a = f c ab A bp (x)x^I c (5.12) 

The results of his derivation are 

m x" = G»{x) l a + F£ v {x) I a x v (5.13) 

where the fields satisfy 

(V ll G v -V v G ll ) a = (5.14) 

+ V 0, (5.15) 
and where the form of the covariant derivative is 

(VpF up ) a = d p F aup - f a bc A bp F cup . (5.16) 

The field strength F vp is related to A bp through 

f c ab (F a , u - [d p A av - d v A ap - f a de A dp A ev )) = . (5.17) 

The non-Abelian theory may be examined from the point of view of Section 3, by generaliz- 
ing the Helmholtz conditions to take account of classical non-Abelian gauge fields according 
to Wong's formulation. To achieve this, we associate with variations dq of the path q(r), a 
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variation dl a of the generators I a , which may be understood as the variation of the orien- 
tation of the tangent space under q(r) — ► q(r) + dq(r). The explicit form of this variation 
follows from Q5.12| ): for small dr, 



(5.18) 



where we have allowed an explicit r-dependence for the gauge field, and have included a 
Lorentz scalar gauge field <j) a , in analogy with the Abelian case. Now, the quantity M = M a I a 
undergoes the variation of the path 



(t,x) 



(t + dr,x + dx) 



(5.19) 



according to 



dM 



(dM a )r + M a {di a ) 



dr 



fa C foM c 



I a dT + 

dM 



dx^ 



fa C A,M c 



dM 

V T Mdr + VnMdx^ + ^—dx^ + — — 

ox^ ox** 



dx» 



I a dx" + ^^Pdx" + ^^I a dx fl 
ox^ ox^ 

(5.20) 



in which the spacetime part of the covariant derivative X> M has the form of (|5.16|) , and a 
similar covariant derivative for the r component appears which contains <fi a . Now, the entire 
structure presented in Section 3 follows with the replacements 



d 
dx 11 



d_ 



(5.21) 



so that the Helmholtz conditions become 



A -A 

Dr ^ 

Aa d Jl_ A JJ1 
M<T dx v UCJ dxf 1 



dA 



dA n 



dx a dx^ 



A 



df 



777 + A 



1 D 
2Dt~ 



d_r_ 

dx v ' va dx^ 



where 



(5.22) 
(5.23) 

(5.24) 
(5.25) 
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is the total r derivative subject to 



- fa^{T,x,x)I a = 



(5.26) 



Since Hojman and Shepley's argument |3| relates only to the commutation relations among 
the coordinates, not to the structure of the forces, their result carries over unchanged. 



We now apply equations (|5.22|) — ( |5.26|) to the case of flat spacetime. Since A^ v = g^ v = r]^ u 



is constant, ( |5.22| ) is trivially satisfied and ( |5.23| ) becomes 



d 2 U , d 2 f u 







(5.27) 



dx v ' dx^ dx v dx x dx^dx x 

Recalling the identity ( |3.27 ), we may also write (since the metric carries no group indices) 



d 2 L d 2 U 



so that 



dx u dx x dx^dx x 
d 2 U 







dx u dx x 







Therefore, the most general form of /„ is 



U = f^{r,x)x u + gp(r,x) 



where (|5.27| ) requires that f^ v + f vll = 0. Finally, applying (|5.24j) we find 

df v ' 



1 D 
2^7 



dx^ 



dx u 
1 D 
2^7 

(V T + x x V x )f, 



\ffjLV fvfl] 



fJ,V 



Vvf^ + V^g ft - V fl f vX x x + V^g v 
^(Vvf^x - V^fvx) + V u g tl - Vfj,g v 



Since x^ is arbitrary, we find that 



VxUv + VJ^ + VJx^ = 
Vrf,,,, + Vyg v - V v g^ = . 

Now, in analogy to the Abelian case, we may write 



(5.28) 



(5.29) 



(5.30) 



(5.31) 



(5.32) 
(5.33) 



L = -m z% + A afl (r, x)I a (T)x» + (f> a (T, x)I a (r) 



(5.34) 
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Applying the Euler-Lagrange equations to (|5.34j ), we obtain 



— [nix,, + A afM I a } 
ft A ft A 



d 
OA 



\A av l a x v + <PJ a ] 



au z.v ia 



dx^ 



dx^ 



(5.35) 



Rearranging terms and using (|5.18 ) to express I a , we find 



mx, 



ox^ ax v I 



dx^ dr 



\ dx^ dx u 
dA nv OA 



+ 



'a ja 



OA 



a>H ja 



V + fa bC Aa,A 



be 



dx^ dx 



bu 



x v I a + 



dA 



dx^ 



+ fa'A 



dx^ dr 



Or 

I a . (5.36) 



Comparing ( |5.36| ) with ( 5.30 ), we may express the field strengths in terms of the potentials 

as 



9 ii 



dA au 


dA ail 


dx^ 


dx u 




dA a , 


dx^ 


dr 



+ fa C A al _iA[ )U 

■ .C' A,^,, J" 



x u r 



(5.37) 



from which it follows that ( |5.32|) and (|5.33| ) are satisfied. We remark that since Tanimura 
did not include a Lorentz scalar potential and his fields were assumed to be r- independent, 
there is no potential in his formulation from which the field in ( |5.13| ) and ( |5.14j ) could be 
derived. On the other hand, by the argument of Hojman and Shepley, equations ( |5.13| ) are 
equivalent to the Lagrangian given in ( 15.34 ) , so that the scalar potential must be present 
to obtain a non-zero G^. Unlike the Abelian case, the potentials appear in the covariant 
derivative, and so the "new" gauge potential will mix with all quantities whose covariant 
derivatives are calculated. 



As in ( [2.311 ), we may introduce the definitions 

X d = T d T = 8 d f^ d = -f d(i = gf M . 



(5.38) 



We may then combine ( |5.32|) and (|5.33|) as 



(5.39) 
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(for a, ft, 7 = 0, 



d). The Lorentz force equation becomes 
- = /r^/" + 

a/3 5 



where 



a/3 



OA, 



aft 



dA n 



+ fa C AaaA 



bB 



(5.40) 



(5.41) 



dx a dx@ 

recovers the usual relationship of the field strength tensor to the non-Abelian potential. 

We finally examine the conservation of x^x^. In the non-Abelian case, the mass-shell condi- 
tion becomes (compare with ( 4.20|) ) 



d ( l 



mx 2 ) 



mx% = xT(g a ^ + f aixv x v ) = x» 9ail I a = 



(5.42) 



which implies 

g a , = and d T f a ^ = (5.43) 

where the second expression follows from (|5.33| ). Notice that I a {r) introduces a r-dependence 
which is present in the Lagrangian even when the fields are r- independent. But one may 
easily compute the Hamiltonian from ( 5.34Q as 

(f>J a (5.44) 



K = x" 



dL 1 

dx~v ~ ~ 2 



mx^x. 



so that (|5.42|) tells us that the Hamiltonian is conserved under the conditions ( 5.43 ), in 
apparent contradiction to the explicit r-dependence of the Lagrangian. We may check, 
however, by explicit calculation that 



dL 

— = A a ^i a + (j>J a = f abc A afl A bu x»x u I c + 4>J a 



J a . 



(5.45) 



Thus, despite the explicit appearance of r in the Lagrangian, the structure of the non-Abelian 
field guarantees that dL/dr = in the absence of the "new" gauge potential <f) a , leading to 
the preservation of the mass-shell as conservation of the Hamiltonian, as in the Abelian case. 



6 Conclusion 

In Feynman's 1948 derivation and in the powerful technique of Hojman and Shepley, one 
sees that the form of the commutation relations between position and velocity (defined as 
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a derivative with respect to an independent time parameter) determines the most general 
form of the forces which may act on those phase space variables, and that these forces are 
of a gauge type. Since the commutation relations determine the form of the Lagrangian to 
be a scalar with respect to the group which preserves the metric, and since the evolution 
parameter r is an independent variable, the Hamiltonian will also be a scalar and will 
generate translations of this parameter. The gauge group may include r-dependent gauge 
transformations, requiring a conjugate compensation field. The source-free equations for the 
gauge fields then admit a formal spacetime symmetry which is larger than the symmetry 
group of original phase space, in which the parameter r plays the role of a coordinate. In the 
case of Feynman's assumption of Newtonian mechanics, the appearance of the fourth gauge 
field A compensates for t-dependent gauge transformations, and the homogeneous field 
equations are formally consistent with a 4-dimensional symmetry, which could be 0(3,1). 
Similarly, in the case of Tanimura's assumption of 2d independent phase space variables with 
an 0(d-l,l) symmetry, the appearance of the <i+l st gauge field compensates for r-dependent 
gauge transformations, and the homogeneous field equations are formally consistent with a 
rf+l-dimensional symmetry, possibly 0(d,l) or 0(d-l,2). From the Lorentz force law for the 
0(d-l,l) theory, one may find the d+l st expression which explicitly relates the "new" field 
with the exchange of mass between the field and the sources. Similarly, in the 0(3) case 
derived by Feynman, one may derive, from the three independent components of the Lorentz 
force law, a fourth expression which relates the t-dependent E-field to the exchange of scalar 
energy between the field and the sources. 

For the case of the 0(3,1) theory, one has a means of arriving at the Maxwell theory of 
electrodynamics from commutation relations. Deriving the Maxwell theory in this manner 
provides a clear picture of the way in which the usual on-shell dynamics is a proper restriction 
of the general off-shell theory. 
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